Abstract. In this paper we solve the Dirichlet problems for different classes of plurisubharmonic functions on compact sets in C n including continuous, pluriharmonic and maximal functions.
Introduction
To define plurisubharmonic functions on a compact set X one, first, introduces the sets of Jensen measures J z (X) on X with barycenter z ∈ X as the weak- * limits of Jensen measures on neighborhoods of X. Then plurisubharmonic functions are defined as functions with appropriate topological properties and satisfying subaveraging inequality with respect to these measures.
Compact sets carrying plurisubharmonic functions appear rather naturally in pluripotential theory and the theory of uniform algebras but not too much is known about their structure. In particular, it is not known how flexible the space of plurisubharmonic functions on compact sets is.
In this paper we approach this problem through a study of Dirichlet problems for different classes of plurisubharmonic functions on compact sets in C n . To pose a Dirichlet problem we need a notion of a boundary. Our claim is that the natural boundary for plurisubharmonic functions is the closure B X of the set O X = {z ∈ X : J z (X) = {δ z }}.
The fact that it is natural is confirmed in Section 3 where we prove a generalization of the Littlewood subordination principle: Any Jensen measure is subordinated to a Jensen measure supported by B X . Another confirmation comes in Section 4 where we show that if O X = B X then any continuous function on B X can be extended to X as a continuous plurisubharmonic function.
In Section 5 we describe compact sets on which any continuous function on B X can be extended as a pluriharmonic function. We prove that such compact sets are rather rare: The Dirichlet problem for pluriharmonic functions can be solved if and only if for every z ∈ X there is only one Jensen measure in J z (X) supported by B X .
In Section 6 we look for maximal solutions of the Dirichlet problem. An example in this section demonstrates that, in general, this problem does not admit a continuous solution. However, we prove that it always admits a lower semicontinuous solution with subaveraging property. We also give in this section a description of maximal functions in terms of Jensen measures. Let us denote by λ the normalized arc length measure on T. Let f be a bounded holomorphic mapping of the unit disk D into C n . Since f has radial limit values almost everywhere on T, we may consider f as a Borel measurable mapping of the closed unit disk D. The push-forward
of λ by the restriction of f to T is a regular Borel measure on C n . The point z f = f (0) is uniquely determined as the point such that
Let L = {f j } be a sequence of uniformly bounded holomorphic mappings of the unit disk D into C n . The cluster limit set cl L, or, short, the cluster of the sequence L is the set of all points z ∈ C n such that for every r > 0 and infinitely many j the sets f j (D) ∩ B(z, r) are nonempty, where B(z, r) is the open ball of radius r centered at z in C n . The sequence L is said to be weak- * converging if the measures µ fj converge weak- * to a measure µ L , i.e.,
for every continuous function φ on C n . By the Alouglou theorem [C, V.4.2] , every sequence of uniformly bounded holomorphic mappings contains a weak- * converging subsequence. If L = {f j } is weak- * converging then the sequence {z fj } converges to a point z L , which we will call the center of L.
A point z ∈ cl L is called totally essential if
for every open set V containing z. Clearly, the set ess L of totally essential points is closed. Other points in cl L are called nonessential. If a sequence L = {f j } is weak- * converging, then supp L = supp µ L is compact, every point z ∈ supp L is totally essential, and supp L = {z L } if and only if ess L = {z L }. Such a sequence is called totally perfect if all points of its cluster are totally essential. All subsequences of a totally perfect sequence have the same cluster and are totally perfect.
By
and cl M contains all totally essential points of L.
Let X be a compact set in C n . We denote by T (X) the set of all totally perfect sequences L such that cl L ⊂ X and by M(X) the set of all measures µ L , L ∈ T (X). If a point z ∈ X we denote by
A function u on X is plurisubharmonic if it is upper semicontinuous and
. We allow plurisubharmonic functions to assume −∞ as its value and we say that a function on X is continuous if it continuously maps X into [−∞, ∞). We will denote the space of plurisubharmonic functions on X by P SH(X).
It was proved in [P2, Cor. 3 .1] that every function u ∈ P SH c (X) is the limit of an increasing sequence of continuous plurisubharmonic functions defined in neighborhoods of X.
A Jensen measure on X with barycenter z 0 ∈ X is a regular nonnegative Borel measure µ supported by X such that µ(X) = 1 and u(z 0 ) ≤ µ(u) for every plurisubharmonic function u on X. We denote the set of such measures by J z0 (X). Clearly, this set is convex and weak- * compact. By [P2, Thm. 3 
Jensen measures enjoy the following compactness property.
Lemma 2.1. Suppose that {X j } is a decreasing sequence of compact sets in a closed ball B ⊂ C n , X = ∩X j and a point z j ∈ X j . Let {µ j } be a sequence of measures such that µ j ∈ J zj (X j ). Then any limit point µ of this sequence in C * (B) belongs to J z0 (X), where z 0 is a limit point of {z j }.
Proof. Let L j = {f jk } ∈ T z0 (X j ) be totally perfect sequences such that µ Lj = µ j . We may assume that the measures µ j converge weak- * to µ and f jk (D) lies in the 1/j-neighborhood of X. Since the space C(B) is separable the weak- * topology on the unit ball of C * (B) is metrizable. Hence we can choose a sequence L = {f jkj } such that the measures µ f jk j converge weak- * to µ and points f jkj (0) converge
If φ is a function on X then we denote by E X φ the upper envelope of all continuous plurisubharmonic functions u ≤ φ on X. The main tool in dealing with Jensen measures is Theorem 2.2 (Edwards' Theorem). Let φ be a lower semicontinuous function on a compact set X ⊂ C n . Then
Moreover, the infimum is attained.
Formally, the infimum above should be taken over Jensen measures with respect to P SH c (X). But it was proved in [P2] that if µ is a regular nonnegative Borel measure on X and u(z 0 ) ≤ µ(u) for every continuous plurisubharmonic function u on X, then µ is a Jensen measure.
For a point z ∈ X we define the set I z as the set of all points w ∈ X such that w ∈ cl L for some L ∈ T z (X). Let O X be the set of all points z ∈ X such that I z = {z} or, what is the same, J z (X) = {δ z }. It was shown in [P2] that the set O X is nonempty. We denote by B X the closure of O X . We shall call B X the potential boundary of X. We let J b z (X) be the set of all µ ∈ J z (X) such that supp µ ⊂ B X . By [P2] B X is the minimal closed set such that for all points z ∈ X there is L ∈ T z (X) with supp L ⊂ B X . Thus J b z (X) is non-empty for all z ∈ X. The following simple lemma says a little bit more about B cl L .
The Littlewood subordination principle
For µ, ν ∈ J z (X) we say that ν is subbordinated to µ and denote it µ ν if µ(u) ≥ ν(u) for all u ∈ P SH c (X). Clearly, if µ ν and ν η, then µ η.
Lemma 3.1. If µ, ν ∈ J z (X), µ ν and ν µ, then µ = ν.
It follows that µ ν is a partial order on J z (X). A measure µ ∈ J z (X) is called maximal if there is no ν ∈ J z (X) such that ν µ and ν = µ. It is known (see [Ph, Lemma 4 .1] that for any ν ∈ J z (X) there is a maximal µ ∈ J z (X) such that µ ν.
The theorem below is a version of the classical Littlewood subordination principle. Since this principle has many different interpretations we state and prove what we have in mind. Before we do it let us recall that if a subharmonic function φ ≡ −∞ on D has a harmonic majorant, then (see [Ga, Ex. II.17, 19] ) it has the least harmonic majorant h and φ = h + u, where u is a subharmonic function on D whose radial limits are equal to 0 a.e. on T and
for some p > 1, then (see [Go, Thm. IX.2.3] ) h has radial limits h * (e iθ ) a.e. on T,
where P is the Poisson kernel, and
Consequently, φ has radial limits φ * (e iθ ) = h * (e iθ ) a.e. on T and
Proof. First, we assume that f is continuous up to the boundary and
In the general case, for 0 < r < 1 we let f r (ζ) = f (rζ), |ζ| ≤ 1. Since |h| p , p ≥ 1, is a subharmonic function on D by the previous result
The following theorem is a generalization of this principle.
n is a holomorphic mapping and f (D) ⊂ B, where B is a closed ball in C n , then
for every function φ ∈ C(B). This means that if f t (ζ) = f (tζ), 0 < t < 1, then measures µ ft converge weak- * to µ f as t → 1 − . Since the space C(B) is separable, the unit ball in C * (B) is metrizable. Therefore, if L = {f j } is a weak- * converging sequence such that f j (D) ⊂ B, then there is a sequence {t j }, 0 < t j < 1, such that the sequence
Let L = {f j } ∈ T z0 (X) be a weak- * converging sequence such that µ = µ L . By the argument above we may assume that the mappings f j are holomorphic in a neighborhood of D.
Let V j be a sequence of open sets such that V j+1 ⊂⊂ V j and ∩V j = X. We take a decreasing sequence of open sets W j ⊂⊂ V j , such that B X ⊂ W j and ∩W j = B X .
Take φ j ∈ C(V j ) with supp φ j ⊂⊂ W j and such that φ j ≥ −1 and
It is known (see, [P1] ) that v j is plurisubharmonic on V j . By [P2, Cor. 4 .2] for every
For any j we let 
By Lemma 2.7 in [LS] (see also equations (2.4) and (2.3) there) for every k ≥ k j there is a holomorphic mapping
We introduce the measures µ jk , k ≥ k j , by
, where z 0 is the barycenter of µ. If u is plurisubharmonic on V j , then
(1)
By Alaoglou's theorem for each j the sequence µ jk has a limit point µ j which by Lemma 2.1 belongs to J z0 (V j ). By (1) µ j (u) ≥ µ f k (u) for every k ≥ k j and every plurisubharmonic function u on V j−1 and by (2) 
Again by Alaoglou's theorem and Lemma 2.1 the sequence {µ j } has a limit point ν ∈ J z0 (X). Clearly, if u is a continuous plurisubharmonic function on a neighborhood of X, then ν(u) ≥ µ(u). Moreover, since µ j (W j−1 ) ≥ 1 − 2ǫ j , ν(B X ) = 1. Hence, supp ν ⊂ B X and ν ∈ J b z0 (X). If u is continuous and plurisubharmonic on X, then by [P2, Cor. 3.1] , there is an increasing sequence of continuous plurisubharmonic functions u j each defined on some neighborhood of X, such that u = lim u j on X. Since ν(u j ) ≥ µ(u j ) for all j we get ν(u) ≥ µ(u).
Combining Lemma 3.1 and Theorem 3.3 we obtain the following corollary. 
O-regular compact sets
We say that a point z ∈ X is a peak point if there is a plurisubharmonic function u on X such that u(z) = 0 and u(w) < 0 when w = z. It was shown in [P2] that O X is the set of all peak points.
Lemma 4.1. If z 0 ∈ X is a peak point then there is a continuous plurisubharmonic function u on X such that u(z) = 0 and u(w) < 0 when w = z.
The proof is based on the following lemma Lemma 4.2. If for every neighborhood V of a point z ∈ X there is a negative continuous plurisubharmonic function u on X such that u(z) = −1 and u(w) ≤ −2 when w ∈ X \ V , then there is a continuous plurisubharmonic function u on X such that u(z) = 0 and u(w) < 0 when w = z.
This lemma was proved in [P2] (see Lemma 3.2) for plurisubharmonic functions. But the proof holds without any changes for continuous plurisubharmonic functions.
Proof of Lemma 4.1. We just need to verify the conditions of Lemma 4.2. Let us take a continuous function φ on X such that φ(z 0 ) = −1, φ(z) < −1, z = z 0 and φ(z) ≤ −4 on X \ V , where V is a neighborhood of z 0 . Let v(z) = E X φ. By [P2, Lemma 3.1] v(z 0 ) = −1, v < −1 on X \ {z 0 } and v ≤ −4 in X \ V and there is an increasing sequence of continuous plurisubharmonic functions v j , defined on neighborhoods V j of X, converging pointwise to v. Hence we can find a continuous plurisubharmonic function v j on X such that −2 ≤ v j (z 0 ) ≤ −1, v j < −1 on X and v j ≤ −4 on X \ V . The function u(z) = −v(z)/v(z 0 ) is negative, u(z 0 ) = −1 and u ≤ −2 on X \ V . Hence the conditions of Lemma 4.2 hold.
The classical maximum principle, stating that a non-constant plurisubharmonic function cannot achieve maximum outside of the boundary, does not hold for compact sets. For example, if X = {(ζ, t) : ζ ∈ D, t ∈ [−1, 1]} ⊂ C 2 , then P SH(X) consists of all upper semicontinuous functions on X subharmonic in ζ for each t and B X = {(ζ, t) : ζ ∈ T, t ∈ [−1, 1]}. So the function u(ζ, t) = 1 − t 2 is in P SH(X) and attains its maximum at (0, 0) away from B X .
But the weak maximum principle holds.
Theorem 4.3. If X is a compact set in C n and u ∈ P SH(X), then u(z) ≤ sup w∈BX u(w) for all z ∈ X.
Proof. By [P2, Thm. 4 
.2] for all points
A compact set X in C n is called O-regular if the set O X is closed. As the following theorem shows such sets admit continuous solutions in the class of plurisubharmonic function for the Dirichlet problem with continuous boundary data on B X . 
and u ≥ min z∈BX φ(z) on X.
Proof. For w ∈ B X let u w be a continuous plurisubharmonic peak function at w on X. Since φ(z) − φ(w) > −ǫ/2 on a neighborhood U of w, there is a constant c w > 0 such that the function
Since V w is a non-empty relatively open set in B X containing w there is a finite cover of B X by sets V wj , 1 ≤ j ≤ m. If a = min z∈BX φ(z), consider the function
Then u is a continuous plurisubharmonic function on X and a ≤ u ≤ φ on B X . Moreover, if z ∈ V wj , then u(z) ≥ v wj (z) ≥ φ(z) − ǫ.
Now we turn to the proof of Theorem 4.4
Proof. By taking ǫ = 1/2 in Lemma 4.5 we can find a continuous plurisubharmonic function u 1 on X such that φ − 1/2 ≤ u 1 ≤ φ on B X . Let φ 1 = φ − u 1 be a function on B X . Then 0 ≤ φ 1 ≤ 1/2 on B X . Again by Lemma 4.5 we find a continuous plurisubharmonic function u 2 on X such that u 2 ≥ 0 on X and φ 1 − 1/4 ≤ u 2 ≤ φ 1 on B X . By the maximum principle u 2 ≤ 1/2 on X. Let φ 2 = φ 1 − u 2 . Then 0 ≤ φ 2 ≤ 1/4. Suppose that for j = 2, 3, . . . , k the functions u j and φ j have been chosen such that:
(1) u j are plurisubharmonic and continuous and 0
, and φ j = φ j−1 − u j on B X , By Lemma 4.5 we find a continuous plurisubharmonic function u k+1 on X such that u k+1 ≥ 0 on X and
By the maximum principle
k+1 on B X . Thus the functions with the properties (1) and (2) are defined for all natural j. Now we let
Then u is continuous and plurisubharmonic on X. Moreover, for every k we have
on B X . Since the right hand side tends to 0 as k → ∞ we have proved that u = φ on B X .
Poisson sets
A continuous real valued function h on X is said to be pluriharmonic if h(z) = µ(h) for all µ ∈ J z (X). A compact set is called a Poisson set if for every φ ∈ C(B X ) there is a pluriharmonic function h on X such that h = φ on B X . Proof. Suppose that X is Poisson, z ∈ X and µ 1 , µ 2 ∈ J z (X). Let φ ∈ C(B X ) and let u be a pluriharmonic function on X such that u = φ on B X . Then u(z) = µ 1 (φ) = µ 2 (φ) and we conclude that µ 1 = µ 2 . Now suppose that for every z ∈ X the set J b z (X) = {P z }. Let φ ∈ C(B X ) and h(z) = P z (φ). Let us show that h is continuous. Suppose that the sequence z j in X converges to z. Switching if necessary to a subsequence, we may assume that the measures P zj converge weak- * to some measure µ ∈ J b z (X). By assumption, µ = P z and h(z) = lim j→∞ P zj (h) = lim j→∞ h(z j ).
Let us now prove that h is plurisubharmonic. By Theorem 4.4 we can find a continuous plurisuperharmonic function v on X equal to φ on B X . The function
is lower semicontinuous, and µ(E X v) ≥ E X v(z) for all µ ∈ J z (X).
By Theorem 3.3 for every µ ∈ J z (X) there is ν ∈ J b z (X) such that for every continuous plurisubharmonic function u on X we have µ(u) ≤ ν(u). By assumption we have
Since h is continuous and h(z) ≤ µ(h) for all µ ∈ J z (X), the function h is plurisubharmonic. Now we prove that h is pluriharmonic. If µ ∈ J z (X), z ∈ X, then
Hence h(z) = µ(h) and h is pluriharmonic
Maximal solutions of the Dirichlet problem
In this section we prove the existence of maximal solutions for the Dirichlet problem on a compact set X ⊂ C n . The Dirichlet problem for plurisubharmonic maximal functions is to find a maximal function on X equal to the given function φ on B X . Even if φ ∈ C(B X ) an upper semicontinuous solution does not need to exist. For example, if X 1 = {(z 1 , 0) : z 1 ∈ D}, X 2 = {(0, z 2 ) : z 2 ∈ D} and X = X 1 ∪ X 2 ⊂ C 2 , then B X is the union of the sets B X1 = {(z 1 , 0) : z 1 ∈ T} and B X2 = {(0, z 2 ) : z 2 ∈ T}. If φ ≡ 1 on B X1 and 0 on B X2 , then a maximal solution of the Dirichlet problem with the boundary values φ should be equal 1 on X 1 and to 0 on X 2 . So at the origin we have to choose between 0 and 1. If choose 1 we loose the subaveraging property and if we choose 0 we loose upper semicontinuity.
It seems more reasonable to save the subaveraging property and introduce the cone of weakly plurisubharmonic functions on X denoted by P SH w (X). A function belongs to P SH w (X) if it is the upper envelope of a family of continuous plurisubharmonic functions on X. Such functions are lower semicontinuous and satisfy the subaveraging inequality for every z ∈ X and every µ ∈ J z (X). In particular, the envelopes of continuous functions are weakly plurisubharmonic.
Lemma 6.1. A function u ∈ P SH w (X) if and only if u is the limit of an increasing sequence of continuous plurisubharmonic functions defined on neighborhoods of X.
Proof. We will prove only the necessity of this condition because the sufficiency is trivial. Since u is lower semicontinuous, it is the limit of an increasing sequence of continuous functions φ j on X. For every j and z ∈ X find a function v jz ∈ P SH c (X) such that v jz ≤ u and v jz ≥ φ j − 2/j on a non-empty neighborhood U jz of z. Choose finitely many points z j1 , . . . , z jkj such that the sets U jz jk cover X and let
By Corollary 3.1 from [P2] each v j is the uniform limit of an increasing sequence of continuous plurisubharmonic functions defined on neighborhoods of X. So for each j we can find a continuous plurisubharmonic function u j defined on an open neighborhood Y j of X such that u j ≤ u and u j ≥ φ j − 1/j on X. Clearly, the sequenceũ j = max{u 1 , . . . , u j } satisfies all requirements.
Let Z be a closed set in X containing B X . A weakly plurisubharmonic function u on X is maximal on X \ Z if for every relatively open V ⊂ X \ Z and any function v ∈ P SH c (V ) the inequality v ≤ u on the relative boundary ∂ X V of V in X implies that v ≤ u on V . If Z = B X then we say that u is maximal.
It should be noted that our definition of maximal functions on compact sets differs from the definition of maximal functions on open sets. For example, if X = D 2 then the functions u(z) ≡ 0 and v(z) = |z 1 | 2 − 1 coincide on B X = T 2 and both are maximal on D 2 in the sense that their Monge-Ampère mass is equal to 0. However, the function v is not maximal on X according to our definition.
The weakly plurisubharmonic maximal functions have the following description.
Theorem 6.2. Let X ⊂ C n be a compact set, let Z be a closed set in X containing B X and let u ∈ P SH w (X). Then u is maximal on X \ Z if and only if for any z 0 ∈ X there is a measure µ ∈ J z0 (X) such that supp µ ⊂ Z and µ(u) = u(z 0 ).
Proof. Suppose that u is maximal on X \ Z. Let φ be a continuous function on X equal to 0 on Z and greater than 0 on X \ Z. We define v = E X (u + φ). Since u + φ ≤ u on Z, v ≤ u. On the other hand, for every z ∈ X v(z) = inf{µ(u + φ) : µ ∈ J z (X)} ≥ E X u(z) = u(z).
Hence v = u. Edwards' Theorem now gives that there exists a measure µ in J z0 (X) such that µ(u + φ) = u(z 0 ). If (X \ Z) ∩ supp µ is non-empty, then µ(u + φ) > µ(u) ≥ u(z 0 ). Thus supp µ ⊂ Z and u(z 0 ) = µ(u + φ) = µ(u).
Now suppose that for any z 0 ∈ X there is a measure µ ∈ J z0 (X) such that supp µ ⊂ Z and µ(u) = u(z 0 ). To show that u is maximal on X \ Z, we consider a relatively open subset V of X \ Z and a continuous plurisubharmonic function v on V such that v ≤ u on ∂ X V . Then we assume that z 0 ∈ V and take a totally perfect sequence L = {f j } ∈ T z0 (X) with µ L = µ.
Let W be an open set in C n such that V = X ∩ W and V = X ∩ W . Let D j be the connected component of f −1 j (W ) containing the origin. We let a j : D → D j be a holomorphic universal covering with a j (0) = 0 and consider the sequence
Switching to a subsequence if necessary we may assume that the measures µ gj converge weak- * to a measure µ M . We claim that supp µ M ⊂ ∂ X V .
To prove it we take a relatively open set U ⊂ V such that U ⊂ V \ ∂ X V . We also take an open set Y in C n such that U = Y ∩ X and Y ⊂⊂ W . Let E j be the set of all ζ ∈ T where a j has a radial limit. We will denote this limit by a * j (ζ). Let F j ⊂ E j be the set where g j has a radial limit and this limit belongs to Y . Our goal is to prove that λ(
Our first observation is that if ζ ∈ F j and a * j (ζ) = ξ ∈ D, then f j (ξ) ∈ Y ⊂⊂ W and, therefore, ξ ∈ D j . But a j is a universal covering and, therefore, a * j (ζ) ∈ ∂D j . and this contradiction shows that a * j (ζ) ∈ T. Hence the set G j = a * j (F j ) lies in T. If ξ ∈ G j then we can find ζ ∈ F j such that the path a j (rζ), 0 ≤ r < 1, lies in D and ends at a * j (ζ) = ξ ∈ T. Since g j has a limit along the path rζ, 0 ≤ r < 1, f j has a limit along the path a j (rζ), 0 ≤ r < 1. By Lindelöf's theorem, f j has the radial limit at ξ and lim r→1 − f j (rξ) = lim r→1 − g j (rζ). So, we have shown that f j has a radial limit at all points of G j and f *
Let us show that also λ(F j ) → 0. For this we take an open set H j ⊂ T such that
Then for every ζ 0 ∈ F j we have
By Lemma 6.1 for any ǫ > 0 we can find a continuous plurisubharmonic function w defined on a neighborhood of X such that w ≤ u on X and µ M (u) ≤ µ M (w) + ǫ. So we may consider functions w j = w • f j when j is large.
By Theorem 3.2
and we see that
Since ǫ > 0 is arbitrary we see that v(z 0 ) ≤ u(z 0 ). Hence u is maximal.
So in the example at the beginning of this section the function u equal to 0 on X 2 and 1 on X 1 \ {0} is maximal and weakly plurisubharmonic.
Harmonicity of maximal functions
Given a weak- * converging sequence L = {f j } and a point z ∈ cl L we denote by J s z (L) all measures µ for which there are a subsequence {j k } and a sequence of holomorphic mappings
Let us denote by P SH c (L) the set of continuous function u on cl L such that u(z) ≤ µ(u) for every z ∈ cl L and every µ ∈ J z (L) . A sequence L is ample if and only if P SH c (L) = P SH c (cl L). Indeed, the necessity is clear and the sufficiency follows from the Hahn-Banach and Edwards' theorems. Indeed, if there is µ ∈ J z (cl L) \ J z (L) then there is a continuous function φ on cl L such that µ(φ) < inf ν∈Jz (L) ν(φ).
By Edwards' theorem the infimum above is equal to the value at z of the envelope of φ in P SH c (L) which, in turn, is equal to E cl L φ(z). But the latter value does not exceed µ(φ) and we got a contradiction.
Let L = {f j } be a perfect sequence. A continuous plurisubharmonic function u on X = cl L is said to be harmonic on L if µ(u) = u(z) for every z ∈ cl L and every µ ∈ J z (L) . A continuous plurisubharmonic function u on a compact set X is said to be harmonic if µ(u) = u(z) for every z ∈ X and every µ ∈ J z (X).
The theorem below relates harmonicity and minimizing sequences. But before we have to prove a technical lemma. 
Proof. Let g j = f j • p j . We start with proving that µ L ′ = µ L . If φ ∈ C(C n ) then µ fj (φ) = u j (0), where u j is a harmonic function on D equal to φ j = φ • f j on T, while µ gj (φ) = v j (0), where v j is a harmonic function on D \ A j equal to φ j on T ∪ ∂A j . Hence
Since the sequence L is uniformly bounded we see that
If z ∈ cl L, r > 0 and ǫ j = ω(0, f −1 j (B(z, r)), D), then ǫ j ≥ a > 0. Now the same reasoning as above shows that ω(0, g −1 j (B(z, r)), D) ≥ a − ω j and this tells us that z ∈ cl L ′ and L ′ is totally perfect. Now we can prove the theorem.
Theorem 7.2. Let X ⊂ C n be a compact set and u ∈ P SH c (X) be a plurisubharmonic function. If L = {f j } ∈ T z0 (X) and u(z 0 ) = µ L (u), then there is a sequence 
